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Abstract

Though the transportation network design problem (TNDP) has been studied widely due to its importance, the
majority of past studies need to solve the traffic assignment problem many times in the solution process, which
makes the methods inefficient. In this paper, an algorithm for the TNDP of adding a lane/lanes to a link on a
one-to-one network without traffic assignment iterations is presented. First, for each link, the travel time drop
(TTD) of the network when adding a lane to each link is estimated. The estimation of the TTD does not need
solving the traffic assignment problem on the network. It just need to adjust flows on the used paths of the OD.
Since it does not involve finding the shortest path, it is far more efficient than the methods that need traffic
assignment iterations. Then the link with the maximal TTD is selected for capacity expansion by adding a lane
or lanes to it. At the end of each step, the TTD of the network is estimated again and a link is selected again
for expansion. The process proceeds until the budget is met. The method is applied to a network and the validity
of it is shown. The algorithm has two pros: 1) It can find the exact optimal solution for a one-to-one network;
2) It avoids UE iterations. The con of the algorithm is that it can only find the approximate optimal solution
for multiple-origin-multiple-destination network. It helps to develop the approximate algorithm for a multiple-
origin-multiple-destination (many-to-many) network.

Keywords — capacity expansion, discrete network design problem, travel time drop

1. Introduction

The transportation network design problem (TNDP) is a very important question in
transportation engineering. It can be divided into three categories: continuous network design
problem (CNDP) [1] - [42], discrete network design problem (DNDP) [43] - [62], and mixed
network design problem (MNDP) [63] - [66]. The CNDP requires the decision variable to be
continuous, such as setting signal time and link tolls. The DNDP deals with selecting links from a
potential link set to add to an existing network, adding a lane/lanes to a link of the network, or
selecting a subset of links to expand their capacity, etc., under certain budget. The MNDP combines
the former two. Since the CNDP requires the decision variable to be continuous, the method for the
CNDP does not apply to the DNDP and MNDP.

According to the Highway Capacity Manual (HCM) [68], the capacity of a road is defined and
measured by lane. Other factors, including road condition (lane width, lateral clearance, heavy
vehicle, sight distance, environment) and traffic condition, can only be adjustors influencing the
capacity at a limited level. Thus the fundamental way to increase the capacity of a street is to add
lanes. Accordingly, the expansion of the capacity of a street cannot be continuous. In this sense, all
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the studies of capacity expansion by the CNDP do not apply to adding lanes to a link. In addition,
for the DNDP, adding links to an existing network will change the topology of the network whereas
adding a lane/lanes to a link will not change the topology. When the topology of the network is
changed, the problem of the Braess’s paradox may occur [69]. So the methods for them are
different. As is covered in the literature review, the studies on the CNDP are a lot, the studies on
adding links to an existing network are fewer, but there is only one study on adding a lane/lanes to
a link [64]. The study in [64] needs to solve the user-equilibrium (UE) problem many times in the
solution process, which makes the method inefficient.

The biggest challenge of the TNDP lies in how to select the links to do work on (adding lanes,
setting signal, toll, etc.) efficiently especially for real size networks. In the majority of past studies
on the TNDP, selecting the links needs to solve the traffic assignment problem many times in the
solution process. It is well known that solving the traffic assignment problem is very time-
consuming especially for large networks. To increase the efficiency in selecting the links, many
studies have been conducted to decrease the number of the iterations for solving the traffic
assignment problem (mostly the user-equilibrium problem and is abbreviated as the UE iterations
hereafter). However, none of the past studies on the DNDP can avoid the multiple UE iterations in
the solution process. In this paper, we presented an algorithm for the DNDP of adding a lane/lanes
to links without UE iterations. It can find the exact optimal solution for a one-origin-one-destination
(one-to-one) network.

The rest of the paper is arranged as follows: Section 2 covers the literature review of this study.
Section 3 presents the method for the DNDP for one-to-one networks without multiple UE
iterations. Section 4 shows the validity of the algorithm by applying it to a simulation network.
Section 5 presents the conclusion of the paper.

2. Literature review

Most studies on the CNDP used a bi-level model, where the upper level is to minimize total
travel cost of road network plus construction costs or other indexes, and the lower level is a traffic
assignment model. Different algorithms were used to solve the models. They include Genetic
algorithm [1] - [4], Perturbation based approach [5], Gradient Projection (GP), Conjugate Gradient
projection (CG), Qusai-Newton projection (QNEW), and PARATAN version of gradient projection
(PT)[6], Hooke—Jeeves algorithm [7], Equilibrium Decomposed Optimization (EDO) algorithm [8],
path based mixed-integer linear program [9], Modified Differential Evolution (MODE) algorithm
[10], The enhanced differential evolution algorithm based on multiple improvement strategies
(EDEMIS) [11], Norm-relaxed method of feasible direction (NRMFD) algorithm integrated with
the Euler-based approximation (EBA) method [12], partial linearized subgradient methods [13],
Particle swarm optimization (PSO) [14], Sensitivity analysis [15] - [25], Iterative optimization-
assignment algorithm [26] - [29], Simulated annealing (SA) and Sensitivity analysis [30] - [31], SA
and GA [32], Hybrid GASA algorithm [33], Global optimization method [34], etc. Some studies
on the CNDP used a one-level model and different algorithms to solve the models. They include
Relaxation algorithm [35], Multi-cutting plane method [36], Frank—Wolfe algorithm based method
[37], LINDOGLOBAL in GAMS [38], Augmented Lagrangian method [39], optimization method
[40], CPLEX solver [41], Sensitivity analysis with sequence average algorithm [42], etc. Since the
CNDP requires the decision variable to be continuous, the method for the CNDP does not apply to
the DNDP and MNDP. In addition, most of them require multiple UE iterations in the solution
process.
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Most studies on the DNDP used a bi-level model and different algorithms to solve the models.
They include Multi-objective genetic algorithm (MOGA) [43], Genetic algorithm (GA) [44],
Augmented Frank—Wolfe based algorithm [45], Branch-and-bound techniques [46] - [50],
Lagrange relaxation and dual ascent process [51], Decomposition with quasi-optimization [52],
Support function concept [53], Ant system method [54], Genetic algorithm [55] - [56], Hybrid meta-
heuristic algorithm [57], Parsimonious heuristic [58], Global optimization methods [59] - [61]. One
study on the DNDP used a one-level model and Outer Approximation algorithm [62] to solve the
model. However, all the above methods on the DNDP require multiple UE iterations in the solution
process. None of them can avoid the multiple UE iterations in the solution process.

Different algorithms were used to solve the MNDP. They include Dimension-down iterative
algorithm [63], Hill Climbing, Simulated Annealing, Tabu Search, Genetic Algorithm, Hybrids of
Tabu Search [64], Scatter Search [65], and mixed-integer linear programming approach [66].
However, all the above methods on the MNDP require multiple UE iterations in the solution
process. None of them can avoid the multiple UE iterations in the solution process.

The literature review for this study indicated that there was no study on the DNDP that can
avoid the multiple UE iterations. Our paper is the first to study the DNDP on a one-to-one network
without the multiple UE iterations.

3. The DNDP model and the algorithm for it
3.1. The DNDP

To present the algorithm for the DNDP, the following notations are defined.
A: the set of links in the network.
R: the set of origins.
S the set of destinations.
Q: the set of OD demand, Q = [g,5],VT ER,s €S.
K,s: the set of used paths between OD pairrs,Vr € R,s € S.
qrs: the total demand of OD pair rs.
fi?: the flow on the kth path of OD pairrs, k € K,V €R,s €S.
f: the vector of path flows, f = [f°], k € K., VT €ER,s € S.
pi’ is the kth used path of OD pairrs, k € K,;, VT ER,s € S.
P: the set of used paths, P = [p;®].
X4 the volume on link a, V a € A.
x: the vector of equilibrium link flows, x = [x,], V a € A.
tq: the travel time on link a, V a € A.
t: the vector of link travel times, t = [t,(x,)] V a € A.
ct’: the travel time on the kth path connecting origin r and destination s, k € K,;, V7 ER,s € S.

84 the link-path incidence indicator, 8% = 1if link a is on the kth route connecting origin r

and destination s, and 8% = 0 otherwise.

C4: the capacity of link a, V a € A.

d,: the capacity of a lane on link a, V a € A.

n,: the number of lanes to be added to link a, n, =0, 1,2, ... ... ,VaceA.

n: the vector of the number of lanes added to the links, t = [n,], V a € A.

w,: the maximal number of lanes allowed to be added to link a, n, = 0,1, 2, ... ... ,VaeA.
B, the cost of adding a lane to link a, V a € A.

B: the total budget for the capacity expansion.
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gr’: the subtracted flow on the kth path connecting origin r and destination s, k € K, V1 €
R,s €S.

h;’: the added flow on the kth path connecting origin r and destination s, k € K,;, V+ € R,s € S.
m}°: the change of travel time on the kth path connecting origin r and destination s incurred by
the infinitesimal change of path flow f;°, k € K,,, Vr € R,s € S.

m,: the change of travel time on link a incurred by the infinitesimal change of link flow x,, V a €
A.

H}®: the set of the links on a used path p;°, k € K,,, V7 €R,s € S.

HT: the set of the links on all the used paths of OD s, Vr € R,s € S.

H: the set of the links on all the used paths of all ODs.

Since only a one-to-one network is studied in this paper, the set R and S contain an origin and a
destination, respectively.

A link with nonzero link volume at the UE status is a used link. Likewise, a path with nonzero
path flow at the UE status is a used path. Obviously, H™® is the union of H®,or H™ = U, H;®. H™
is a subset of A, where A is the set of links on the network. Similarly, H is the union of H™, or H =
Urs HTS.

The link travel time is estimated by the following popularly used BPR function

ta(xq) = t3(1 + B(xa/ca)®) (1)
where t, is travel time, x, is volume, ¢, is capacity, t{ is free flow travel time, 8 is 0.15, and a is
4.

The bi-level DNDP model of adding lanes to links is defined as follows:

The upper level model is given as

min Z; (x,0) = X %qt8(1L + B(xa/ (cq + dana))®) @)

subject to
YaBang < B Va€eA 3)
Ng S W, Va€eA “4)

and the lower level model which is given as

minZ, (%) = 5 J;* t2(1 + (w/(cq + dana))®) dw )
subject to (5), (6), and (7) as follows:
Yifit =qys VreR,sES (6)
Xg = erZkEKrst:S ka k € K.,VTERSES (7
fx’=0 k€K, VTER,SES ®)

(2) is to minimize the total travel time of the network, which is also the objective function of the
system optimum (SO) of traffic assignment problem. (3) states that the total cost of capacity
expansion should not exceed the total budget B. B, is the cost of adding a lane to link a. It is the
length of link a times the unit cost of adding a lane to link a. The unit cost of adding a lane to a
link can be different for different links but it is set equal in this study without loss of generality. In
the real world, there are different types of roads (local, collectors, etc.) and capacity issues in road
links under various hierarchical categories are treated differently. For example, capacity increase in
a collector road is not given the same priority as increasing the capacity of a highway. (4) is used
to reflect such prioritization in adding lanes to the links. (5) — (8) is the UE traffic assignment
problem. (5) is the objective function of the user optimum (UE) of traffic assignment problem. c,
is the capacity of link a. d, is the capacity of adding a lane on link a. Both ¢, and d, are given in
practice. x, is the volume on link a. n, is the number of lanes to be added to link a. x, and n, are
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variables that needs to be solved for. w is the integral variable. (6) is the OD demand conservation
constraint. It states that the sum of the flows on all the paths of OD pair rs is the demand of the OD
pair. (7) means that the link flow on the link a equals the sum of the flows of all the paths passing
through the link. (7) indicates that all the path flows are nonnegative.

Note that n is not variables in the lower level UE model. The UE program is solved for the link
or path flows given n. Note again that Z; is a non-increasing function of n because more lanes
always increase the link capacity and lower the travel time on the link and the network as long as
the topology of the network is fixed (No links are added to or deleted from the transportation
network. In this paper, we always assume the topology of the network is fixed). Thus, if we can add
a lane one by one and guarantee the drop of Z; is the maximum when each lane is added, the
accumulation of the drop will be the maximum under the budget. For this purpose, we need to
estimate the drops of Z; when a lane is added to all links and select the link with the maximal drop
of Z; to add a lane.

Since n, is a non-negative integer and is not continuous, the gradient of Z; with respect to n,
does not exist. To express the change of the value of Z; with respect to the change of n,, the travel
time drop (TTD) of Z; with respect to n, is given as follows

S 3 (%0t + B(xa/ (ca + dqna))®) — %t2(1 + B(%a/(ca + da(ng + D)) (9)

Ang
where x, and X, are the link flows at the UE status when the added lanes on link a are n, and
(ng + 1), respectively. In other words, x, and X, are the link flow solution for the lower level UE
program (5) — (8) when the number of lanes to be added to link a is set as n, and (n, + 1),
respectively. Since adding a lane to a used link on a one-to-one network always lowers the travel
time or the value of Z;, we have AZ, /An, = 0,V a € A. The TTD AZ/An, indicates the drop of
the total travel time on the network at the UE status when a lane is added to link a.

To guarantee the drop of Z; is the maximum when each lane is added, we just need to select the
link with the maximal value of the TTD to add a lane. However, estimating the TTD needs to know
the value of Z; when the number of lanes to be added is taken as n, and (n, + 1), respectively.
The only way to estimate the value of Z; is to solve the UE problem (5) — (8) given n, and
(ng + 1), respectively, and substitute the resultant x,, and X, and the corresponding link travel time
in (2). Solving the UE problem is very time-consuming even for one-to-one networks because it
needs to find the shortest path many times in the solution process. It is better if the TTD can be
estimated without the need of solving the UE problem.

3.2. The exact algorithm for the DNDP on a one-to-one network

For a one-to-one network, we have the following statement.

Proposition 1: Adding a lane to a link in set H™ decreases the value of Z;. Meanwhile, it does not
change H™, where H™ is the set of the links on all the used paths of OD rs. In other words, all the
unused links will keep unused and still have zero-flow on them.

Proof: Adding a lane to link a in H™ always increase the capacity of the link and decrease the
travel time on the link. At the UE status, all the used paths have equal travel time. A drop of the
travel time on link a will lower the travel time on the paths consisting of link a. These paths will
have lower travel time than other used paths that do not consist of link a. To keep equilibrium, a
portion of the flow on the latter will shift to and only to the former. The travel time on the latter
will be lowered too. Since the flow on the latter shift to and only to the former, all the unused links
will keep unused and still have zero-flow on them. At the new UE status, the travel time on all the
used paths are lower than their original travel time. The demand is the sum of the path flows and is
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the same before and after a lane is added. Since Z; equals the sum of the product of the path flow
and path time, the value of Z; will decrease.

Based on proposition 1, if we can adjust the flow of the used paths to reach a new UE status
when a lane is added to a link in H™, we can obtain the value of Z; and estimate the TTD without
finding the shortest paths. Below we present an algorithm for estimating the TTD by adjusting the
flow of the used paths on a one-to-one network without UE iterations.

For the convenience of illustration, denote ¢, and c¢i%, 11 as the travel time on path p;® at the
UE status when the number of lanes to be added to link a are n, and (n, + 1), respectively.
Likewise, denote t, e and 1:"“+1 as the travel time on link b for n, and (n, +1), Vb € H™,
respectively.

Suppose the link volume and path flow of the UE problem given n, are known. The algorithm
of adjusting the flow of the used paths to reach a new UE status for (n, + 1) is given as follows.

Algorithm 1
Step 1: Select a link in H™, for example, link a, a € H™®, and add a lane to link a. Calculate the

travel time on it based on the link travel time function t;““ = tg(l +

B(w/(ca + da(ng + 1)))).

Step 2: Update the path travel time on all the paths that consist of link a based on tn“+1 to obtain
the updated path travel time ci 5,4 , i.€., update the path travel time for p;°® as cj5,;4 Where k € K¢
and 8% = 1. Pick any one of them and set it as the minimum path pg;,;,,. Pick any one of the used

paths that do not consist of link a based on t,® and set it as the maximum path p%S, .. .
rs(m) rs(m)

min max» Tespectively. Let

Step 3: Set an counter m: = 1. Denote Py, and Diyay aS Dy, and p,,

c,:f,g:? and C,:fggc) be the path cost for the minimum path p,:frg:? and the maximum path p,:frgzg,
respectively.
Step 4: Calculate the partial derivative of the travel time functions for links not common on both
p;fg;? and p,:frszg, i.e., links where 8% nin = 1 0 8% max = 1 but 835 minSbkmax = 0. Sum up
the partial derivatives for pkfrgﬁ) and pkfrgzg, respectively, as follows ,

rs(m) _ dtp

kmin Zbermm dxp (8b kmin Z,Skmax (10)
and

rs(m) _ dep 2

kmax — ZbEH,’;fnmx (617 kmin — b emae (1

rs(m) rs(m)

Step 5: Calculate the flow to be shifted from the maximum path p
Step 5.1: Set an counter [: = 1.

wmax 0 the minimum path p, .~

Step 5.2: Calculate the initial flow to be shifted from the maximum path pj" to the minimum

TS( ) max
path p, ...~ as follows

(l) (Crs(m) rs(m))/srs(m) (12)

kmax Ckmm kmin
rs(m)

kmin and

Step 5.3: Shift Af,; @ of flow from the maximum path p,:frgz;) to the minimum path p
s(m) rs(m)

max min s follow: Set x;,: = xp, + Afr(sl),

update the link volumes on all the links on path pl:
1
vVbe Hkmm’ Xp: = Xp — Afr(s)’ V' b € Himmy-

Step 5.4: Estimate the link travel time on all the links on path p;S(m) and prs(m) based on the

max kmin

and p,
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updated link volumes. Compare the path travel time on path pyor2 and py°r . If (cps™)

kmin kmax
C;;EZ?) < g, where € is a preset small figure, go to Step 7; If c,:fé;nx) < c,:frgz), update the counter

=1+ 1let AfLY: = 0.5A£¢™ and go to Step 5.3; If c,°0™) > 7™ broceed ;

S S kmax kmin
Step 6: Based on the updated link volume, do the same thing as Step 4 and obtain s,:f,gz) and s,:fé;'?

Go to Step 5.
Step 7: Update the path travel time on all the used paths. Update the counter m: = m + 1.
Step 8: Pick a used path with the lowest travel time (Pick any one of them if there are multiple used

paths with the lowest travel time) and set it as the minimum path p,:fgz). Pick a used path with the
largest travel time (Pick any one of them if there are multiple used paths with the largest travel time)

and set it as the maximum path p,:frEZ?
. rs(m) _ .rs(m) . ;
Step 8: Convergence test. If (Ciae — Cromn’ ) < €, stop; otherwise, go to Step 4 and repeat the

process.

Proposition 2: The path flow found by Algorithm 1 is a solution of the UE problem.
Proof: To prove the new path flow found by Algorithm 1 is a solution of the UE problem, we
only need to show the path time on the used paths are equal. Since there are very limited number of

used paths in the solution of the UE problem, as long as the travel time of p,:f,EZ? and p,:f,gﬁ) can be

equalized, the travel time of all the used paths will be equalized sequentially. Therefore, we only

need to show the travel time of p,:frsz;) and p,:frg:? can be equalized. Since p,:fYEZ;) and p,:;g:? have

equal travel time at convergence, we only need to show the algorithm will converge, or
rs(m) rs(m)) =0

I.Illi_rgo(ckmax ~ Ckmin
When the shifted flow A fr(sl) is taken as the variable, all the links on path p,:;g;nx) or p,:frgz) have
the single variable A fr(sl). The path time is the summation of the travel times on all the links on the

path. Since the BPR link travel time functions are convex functions and the summation of multiple
convex functions is still a convex function, the path travel time function is also a convex function

with variable Afr(sl). The partial derivative of the link travel time functions with respect to link

volume is the same as that with respect to the shifted flow A fr(sl) S,:frgz) is the tangent or slope of

the path travel time function for path prs(m) atA fr(sl) = 0.5 is the tangent or slope of the path

kmin kmax
rs(m) at A

kmax

fr(l) = 0. Since the path travel time functions for both

travel time function for path p 5

p;frgz;) and p;frgz) are convex functions, both (c,:frfgc) - c,:frgz)) / s,:féZ? and
(c,:frg;';) - c,:;g';;)) / s;fgz) are likely to overestimate the flow to be shifted from p,:frgzg to p,:fri?:l). af

. . . . dtp . rs(m) rs(m)y -
the link travel time functions are linear, Ty 1S a constancy. (skmax + Semin ) is the decrease of the
difference of the travel time on p,:frg;nyg and p,:frgz) when a unit of flow is shifted from p,:frg;r;) to

rs(m)

s(m) rs(m) . rs(m) rs(m)
Prmin - § (C -
rs(m) rs(m

max kmin 1 kmax kmin J>

dividing (ckmax - ckmin)) by sr(;n) gives the value of the flow that should be shifted from p;frggc)
to p,:frg;? to vanish the difference of the travel time on p;frglnx) and p,:fg;?. The link travel time

functions in this paper are nonlinear. We just show this fact to help explain the proof.). We take
ither ()5 — 7SI frs0n) o (ersm) _ orsim)y /¢7s0M) a5 the initial flow to be shifted from

kmax — Ckmin

Since the original difference of the travel time on p,: and p

kmax ~ Ckmin kmax kmin
p;frgz;) to p,:fgﬁ). If C;;EZ? < c,:frg.ﬁ) after shifting the flow by Afr(sl), it means overestimating the
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flow to be shifted. We then halve the flow to be shifted by letting Afrgl): = 0.5A fr(sl_l) . And go to
Step 5.3 to try if o) > ¢7*tm)
shifted until c,:f,g;;) > c,:frgz) holds. If it does, it means the amount of the flow to be shifted is
suitable and is the maximal possible. We then update the path flow by A fr(sl), update the volume and
s(m) rs(m) s(m) and Crs(m)
max kmin > max kmin °

rs(m) _ .

emin, Will be reduced
rs(m)() _ . rs(m)(D)Y _
kmax kmin -

holds or not. If it does not, we continue to halve the flow to be

compare the updated travel time C,: and
s(m)

max

travel time on the links on p; top

iterate the process. Since the difference of the path travel time on p,:

rs(m) s(m)
kmax min

and p

at a pace close to half of (C - C,: ) at each iteration, we have lim (c
-0

!
lim (%) (c,:frs;';)(o) - c;ﬁz)(o)) = 0. In other words, the algorithm will converge. This completes

[—o00

the proof.

Based on Proposition 2, the new path flow found by the Algorithm 1 is the solution of the UE
problem when the number of lane to be added to link a is set as (n, + 1). With the path flow and
path time, we can easily get the travel time on the network or the value of Z; for (n, + 1). Since
we have already known the solution of the UE problem when the number of lane to be added to link
a is ng, i.e., we have known the value of Z; for n,4, the difference of the values of Z; for (n, + 1)
and n, is the TTD.

Given the solution of the UE problem when no link has been added to any link, the TTD for
each link can be estimated by using Algorithm 1. The first lane should be added to the link with the
largest TTD. Only by doing so can the value of Z; be lowered maximally. After a lane has been
added to the selected link, the TTD for each link can be estimated again, the second lane should be
added to the link with the largest TTD, etc. This process iterates until the budget is exceeded. The
idea is summarized as the following algorithm for the DNDP of adding lanes to links on a one-to-
one network.

Algorithm 2
Step 1: Solve the UE problem when n, = 0,V a € A. This gives x,,Va € A, and f/°, k € K,
VreR,s€ES.
Step 1: Set an counter m: = 1. Set the accumulated cost D = 0.
Step 3: Pick a link in H™®, add a lane to the link, and apply Algorithm 1 to the network with the
added link to find the UE solution.
Step 4: Estimate the TTD of the link selected in Step 3.
Step 5: Remove the link added in Step 3. Go to Step 3 to repeat the process until the TTD of all the
links in H™® are estimated.
Step 6: Select the link with the highest TTD and add a lane to the link. If the number of the added
lanes to the link exceeds the maximal number of lanes allowed to be added to the link, i.e., if n, >
w,, deselect the current link and select the link with the second highest TTD and add a lane to the
link, etc. Estimate the cost of adding the lane (it is simply the length of the link times the unit cost
of adding the lane) and add the cost to D. If D > B, stop; otherwise, set m: = m + 1, go to Step 3
and repeat the process.

Note that the added link in Step 6 should not be removed in the subsequent process. Note also
that the link to be picked in Step 3 includes the links that have been added a link in Step 6. This
means a link may be added multiple lanes.

- 10 -
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Proposition 3: The solution found by Algorithm 2 is a the minimum of the DNDP.

Proof: Step 6 of the algorithm selects the link with the highest TTD to add a lane. This means
that the drop of Z; is maximal possible when each lane is added. Since Z; is a decreasing function
ofng, Va € H™, the value of Z, decreases with the increase of n,. Based on Algorithm 2, the
value of Z; decreases with the maximal possible ladder-wise drop when each lane is added until no
more lanes can be added to any link due to the limitation of the budget. Thus the solution found by
Algorithm 2 is a the minimum of the DNDP.

It is obvious that Algorithm 2 will find the optimal solution of the DNDP model.

4. Numerical example

In this section, the above DNDP model and algorithm are applied to the network shown in Fig.
1. There are 14 links and 8 nodes in the auto network. The length of the links and the capacity of
the links are shown in Table 1. The origin is node 1 and the destination is node 8. The OD demand
is 8000 vehicles. The total budget is B =50,500,000 ($). The unit cost of adding a lane is 500,000
($/mile/lane). The free flow speed is 40 miles/hour for all links. The capacity of a lane is set as 1400
vehicles/hour/lane. Suppose the maximal number of lanes to be added to all the links are 5. Two
cases are considered. In case 1, the method presented in this paper is applied to the problem. In case
2, Algorithm 1 in the method is replaced by the UE iterations.

Fig. 1 - Network for the example

Tab. 1 - The length and the capacity for each link
l

a l, ¢, a Il ¢, a I, ¢4

1 8§ 2800 6 7 4200 11 7 2800
2 7 5600 7 6 2800 12 8 4200
3 5 4200 8 5 2800 13 7 5600
4 5 4200 9 8§ 4200 14 6 5600
5 32800 10 9 4200

l, is the link length. ¢, is the link capacity.
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The algorithm was programmed in Matlab 2022 and run on a computer with 2.8G processor and
8G RAM. The convergence criterion is set as 0.0001. The total computation time for case 1 and
case 2 are 0.73814 seconds and 1.6032 seconds, respectively. The latter is two times more than the
former. This indicates that Algorithm 1 is more efficient than the UE iterations.

The objective function value at each iteration in both cases is the same and is shown in Fig. 2.
As can be seen in the figure, the objective function value, or the total travel time, decreases
gradually from iteration to iteration. The link marginal cost in both cases is shown in Fig. 3. The
link Volume/Capacity ratio in both cases is shown in Fig. 4. The number of lanes added to a link in
both cases is shown in Fig. 5. As can be seen in the figures, the link marginal cost, the link
Volume/Capacity ratio, and the number of lanes added to a link in both cases are all the same. This
indicates that Algorithm 1 and the UE iterations are equivalent.

4450

- —* - Objective function value in both cases

IS
S
o
S

L

I
w
@
=)

*

L

Total travel time(unit: vehicle*minute)

4300 * 4
N
*
Sk
4250 N B
*
-
\*‘*-s’
4200 RS 4
Rant S
> - 4
4150 . , . . . . .
0 2 4 6 8 10 12 14 16

Iteration

Fig. 2 - The objective function value in both cases
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I 1 ink marginal cost before adding lanes
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51 [ Link marginal cost after adding lanes in case 2 | |

Link marginal cost
w IS
T
L L

N
L

1 2 3 4 5 6 7 8 9 10 11 12 13 14
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Fig. 3 - The link marginal cost in both cases
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14— T T T T T T T T T T T T T
I VVolume/Capacity before adding lanes
-Volume/Capacity after adding lanes in case 1
121 [ Volume/Capacity after adding lanes in case 2 | |
1 1
2
£ 0.8 b
o
<
4
g
3506 1
s
0.4 M
0.2 M
0 N L

4 5 6 7 8 9 10 11 12 13 14
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Fig. 4 - The link Volume/Capacity ratio in both cases

5 T T T T T T T o T T T T T
I The number of lanes added to a link in case 1
[ The number of lanes added to a link in case 2

4 5 6 7 8 9 10 N

I
12 13 14

The number of lanes

Link number

Fig. 5 - The number of lanes added to a link in both cases

5. Conclusions

The fundamental way to increase the capacity of a street is to add lanes. Accordingly, the
expansion of the capacity of a street cannot be continuous. The method for the CNDP do not apply
to adding lanes to a link. Current study on adding a lane/lanes to a link needs many rounds of UE
iterations in the solution process, which makes the method inefficient.

In this paper, an algorithm for the DNDP of adding a lane/lanes to a link on a one-to-one network
without UE iterations is presented. It does not involve finding the shortest path and is far more
efficient than the methods that need UE iterations. The algorithm has two pros: 1) It can find the
exact optimal solution; 2) It avoids UE iterations. The con of the algorithm is that it applies to a
one-to-one network only. The method presented in this paper can be extended to a one-to-many
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network or to a multiple-origin-multiple-destination (many-to-many) network. Based on it, we can
further develop the approximate algorithm for the DNDP on a many-to-many transportation
network.
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Abstract

The design of consecutive reverse horizontal curves is a common practice in road design with many
environmental and economic benefits. In order for the driver to avoid instantaneous lateral acceleration
variation during the curvature direction shifting, nearly all design guidelines adopt spiral curves between the
opposite turning directions. During the design of such curves, most European road design guidelines treat the
spiral curves on both sides of the reverse curvature point (point where end of spiral on first curve concurs with
beginning of spiral on second curve), as the boundaries within where the necessary superelevation transition
takes place as well. Through this concept, the point with level (horizontal) superelevation rate usually coincides
with the point of reverse curvature, thus creating a breakpoint at the superelevation transition when the reverse
curves have different either superelevation values or spiral lengths. The paper investigates the impact of
utilizing a continuous (linear) superelevation transition between the points where the first circular curve ends
and the second circular curve begins. This assessment is carried out by quantifying the safety margins in terms
of demanded friction values for both approaches. The investigation is based on the German RAL, 2012 design
guidelines, tailored for unfavorable cases, assuming a poor friction pavement of high superelevation demand
(sharp curves), through the utilization of an existing vehicle dynamics model. The analysis revealed that the
vehicle undergoes an immediate but rather moderate lateral friction demand variation. However, before
introducing the proposed approach in road design practice, there are certain issues that necessitate further
research.

Keywords — reverse horizontal curves, superelevation transition, side friction

1. Introduction and problem statement

Road layouts with consecutive reverse horizontal curves are a common practice in road design.
Although the proper design of such arrangements offers many environmental and economic
benefits, reverse horizontal curves impose numerous safety issues to overcome. For example,
besides sight distance limitations, drivers experience difficulties in sustaining their vehicle inside
the driving lane due to the direction swap of the centrifugal force.

Excessive centrifugal force generated by high design speed values, or sharp horizontal
curvature, may cause abrupt, uncomfortable and unsafe maneuvers, or even lateral drifting of the
vehicle. The effect of such unfavorable conditions can be reduced by the superelevation
requirement, which is critical in terms of counterbalancing the instantaneous lateral acceleration
variation caused by the centrifugal force during the curvature direction shifting.
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Although lateral friction force developed between the tires and road surface interaction also
assists such a counterbalance of the lateral acceleration, in order a vehicle during the negotiation of
horizontal curves to optimize the reduction impact of the centrifugal force, it is very important the
outer to the curve edge-line of the pavement to be the superelevated one; higher than the one inside.

Figure 1(a,b) shows a simplification of the lateral force distribution during a right turned curve
applied on the well know mass-point, widely accepted in road design for the determination of the
minimum horizontal radius [1, 2, 3, 4].

During the lateral equilibrium, the following Equation applies:

m V2

R

cose = mgsine + S (1)
VZ

2
— cose = m g sine + fr(m g cose + %sine) 2)

Assuming that (e<< — cose = 1, sine = e)

V2 _ e+fr ~
—>g—R—1_efR~e+fR 3)
VZ
- Rmin - a(fr+e) (4)
where:

g: gravitational constant (g=9.81m/s?)
m: vehicle mass (kg),

e: superelevation rate (%/100)

V: vehicle speed (m/s),

R: curve horizontal radius (m),

S: lateral friction force (N),

fr: lateral friction coefficient

From Equation 4 it can be seen that the use of superelevation allows a vehicle to travel through
curves more safely, since there is a safety margin either to increase speed or to reduce the curve
radius by maintaining the alignment and vehicle speed respectively.

Therefore, between succeeding reverse circular curves, in order the superelevation to be
designed in accordance with Figure 1, many design guidelines [1, 2, 3, 4] request an adequate
tangent length between, or preferably, an equivalent length with spiral curves and a maximum rate
between the radii of both circular curves.

mV2/R
outer edgeline
S c inner edgeli
Ve
- b - \
(a) lateral direction of travel (b) plan view

Note: “b” stands for the lane with.
Fig. 1(a,b) — Lateral force distribution during a right turned curve on the point-mass model
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Spiral curves provide gradual change on the centrifugal force as well as more comfortable
alignment between tangents and circular curves. More specifically in the AASHTO, 2018 design
guidelines [1] it is stated that transition (spiral) curves simulate the natural turning path of a vehicle,
minimize encroachment on adjoining traffic lanes and tend to promote uniformity in speed.

During the design of consecutive curves, most European road design guidelines [2, 3, 4] treat
the spiral curves on both sides of the reverse curvature point (point where end of spiral on first
curve concurs with beginning of spiral on second curve), as the boundaries within where the
necessary superelevation transition takes place as well.

Through this conventional approach, the point with level (horizontal) superelevation rate usually
coincides with the point of reverse curvature. As far as the two opposite curves have the same
superelevation rates and spiral lengths the rotation rate of the superelevated pavement transition
within the spiral curves is uniform (continuous). However, in case the reverse curves have different
superelevation rates or spiral lengths, a breakpoint of the rotation rate is created at the point of
reverse curvature. Such a case, where the reverse curve is formed by left curve 1 and right curve 2
(Figure 2a), is shown through Figure 2b.

The paper investigates the impact of generalizing a continuous superelevation transition
(proposed rotation rate in Figure 2b) between the points where the first circular curve ends and the
second circular curve begins for arrangements of reverse curves. Such an alternative approach
simplifies the superelevation rotation process as is far more construction-friendly (linear rotation
rate without breaks).

However, the added value of the proposed approach is that by delivering a smoother rotation
rate to one of the involved spirals, with respect to the evasion of areas with poor drainage, lower
grade values along the alignment axis could be utilized.

For example, in Figure 2b, the left and right edge-line rotation rates (Aszr, and Asar respectively)
of the second spiral curve appear to be sharper when the conventional approach is utilized compared
to the proposed one. As a result, the maximum rotation rate (Asmax) cannot be implemented in the
proposed approach.

Based on the German RAL,2012 design guidelines, the following (algebraic) Equations apply:

Sedge line = Saxis T As ®)
— 2 2
Pedge line = ’Sedge line + € (6)
where:

Sedge line: longitudinal grade along the pavement edge line (%)

Saxis: longitudinal grade along the alignment’s rotation axis (%),

As: rotation rate which stands for relative grade at spiral area between longitudinal gradient along
the carriageway edge line and longitudinal gradient along the alignment’s rotation axis (%)

Pedge line: compound grade at the edge line (%)

e;: instantaneous superelevation rate along the edge line area (e is variable along spiral curves) (%)

In order the compound grade p along the pavement edge line to be always greater or equal to
0.50% (avoidance of poor drainage), at the area where the superelevation rate along the spiral curves
is practically level, the longitudinal grade along the left or right edge line (Scge 1inc) 1S €quivalent to
the respective compound grade (Pedge line)- As a result, the following algebraic Equation is demanded
per left or right edge line:

Saxis + As = 0.50 (7
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Note (i=1,2): Ri, Ai, Li : curve i radius, spiral parameter and spiral length (m).
eLi, eri, AsiL, Asir: curve i left and right superelevation rates and superelevation rotation rates (%),
Asmin: minimum superelevation rotation rate (%).

Fig. 2(a,b) — Superelevation rotation breakpoint at the point of reverse curvature

Based on the above Equation and considering Figure 2b where a smoother rotation rate can be
proposed to one of the involved spirals, it is evident that when Saxis and Asproposed have opposite
algebraic SignS (eg ASproposed left edge-line >0 and Saxis<0, or ASpmposed right edge-line <0 and Saxis>0), with
respect to drainage adequacy, lower grade values along the alignment axis (saxis) could be utilized.

This assessment of the proposed approach is performed by quantifying the safety margins in
terms of demanded friction values for both conventional and continuous approaches, utilizing an
existing vehicle dynamics model.

2. Methodology

The proposed investigation is based on a realistic representation of the forces acting on a moving
vehicle during tangent and curved alignments. Such an investigation has already been addressed in
previous research of the authors [5-7] where aiming to assess vehicle safety from the interaction
between road geometry, tire - pavement friction and vehicle parameters, a vehicle dynamics model
was developed. The following sub-section provides a brief discussion on how the model was
structured, where more details regarding the full equations description as well as the model’s
validation process are available through references [5-7].

2.1. Vehicle dynamics approach

All forces and moments applied to the vehicle were analyzed into a moving three-dimensional
coordinate system, coinciding at the vehicle gravity center and formed by the vehicle’s longitudinal
(X), lateral (Y) and vertical (Z) axis respectively. The vehicle’s coordinate system applied for a
front wheel driven (FWD) vehicle is shown in Figure 3. Through these axes, the impact of certain
vehicle technical characteristics, road geometry and tire friction were expressed, such as: vehicle
speed/ wheel drive/ sprung and unsprung mass and it’s position of gravity center/ aerodynamic
drag/ vertical lift/ track width/ wheel-base/ roll center/ suspension roll stiffness/ cornering stiffness/
grade/ superelevation rate/ rolling resistance tire-road adhesion values and horsepower supply.
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